This paper describes some new patterned methods of constructing rectangular designs from balanced incomplete block (BIB) designs and nested BIB designs, and gives a table of rectangular designs in the range of r, k ≤ 10.
Introduction
A balanced incomplete block (BIB) design with parameters v, b, r, k, λ is a block design, BIBD (v, b, r, k, λ) , with v treatments and b blocks of size k each such that every treatment occurs in exactly r blocks and that any two distinct treatments occur together in exactly λ blocks. This is a standard design used for constructing other designs (see Raghavarao, 1988) .
A nested BIB design with parameters v, b 1 , r, k 1 , b 2 , k 2 , λ 1 , λ 2 is a block design in which both the nesting blocks (superblocks) and the sub-blocks form BIBD(v, b 1 , r, k 1 , λ 1 ) and BIBD(v, b 2 , r, k 2 , λ 2 ), respectively (see Preece, 1967; Morgan, 1996) . Thus, there are b 2 sub-blocks of size k 2 nested in each of b 1 superblocks of size k 1 . Note that parameters λ 1 and λ 2 in the nested BIB design have different meaning from those in partially balanced incomplete block (PBIB) designs.
A PBIB design, based on an s-associate association scheme, with parameters v, b, r, k, λ i , i = 1, 2, . . . , s, is a block design with v treatments and b blocks of size k each such that every treatment occurs in r blocks and any two distinct treatments being the ith associates occur together in exactly λ i blocks.
A group divisible (GD) design is a 2-associate PBIB design based on a group divisible association scheme, i.e., a set of the mn treatments can be divided into m groups of n treatments each such that any two treatments occur together in λ 1 blocks if they belong to the same group, and in λ 2 blocks if they belong to different groups. Rectangular designs, introduced by Vartak (1955) , are 3-associate PBIB designs based on a rectangular association scheme of v = mn treatments arranged in an m × n rectangle such that, with respect to each treatment, the first associates are the other n − 1 (= n 1 , say) treatments of the same row, the second associates are the other m − 1 (= n 2 , say) treatments of the same column and the remaining (m − 1)(n − 1) (= n 3 , say) treatments are the third associates.
That is, a rectangular design is an arrangement of v = mn treatments in b blocks such that (i) each block contains k distinct treatments, k < v, (ii) each treatment occurs in exactly r blocks, (iii) the mn treatments are arranged in a rectangle of m rows and n columns such that any two treatments in the same row (column) occur together in λ 1 (λ 2 ) blocks, respectively, and in λ 3 blocks otherwise.
These designs have been studied by Bhagwandas and Kageyama (1985) , Suen (1989) , Sinha (1991) , Sinha et al. (1993 Sinha et al. ( , 1996 Sinha et al. ( , 1999 , Kageyama and Miao (1995) , Sinha et al. (2002b) , and so on. The rectangular designs are useful as factorial experiments, having balance as well as orthogonality (Gupta and Mukerjee, 1989) . In addition, if λ 3 is bigger than λ 1 and λ 2 , the loss of information on the main effects becomes small (Suen, 1989) , when these designs are used as an m×n complete confounded factorial experiments. A review of constructional procedures for these designs is given by Gupta and Mukerjee (1989) . Recently rectangular designs have also been used in the construction of balanced arrays and orthogonal arrays in Sinha et al. (2002a) .
In this paper, some patterned constructions of rectangular designs are given along with a table of new designs in the range of r, k ≤ 10 and not found in the tables of Suen (1989) , Sinha et al. (1993 Sinha et al. ( , 1996 , and Sinha et al. (2002b) .
For convenience, I s denotes the identity matrix of order s, J s×t denotes the s × t matrix all of whose elements are unity, in particular, J s = J s×s and A ⊗ B denotes the Kronecker product of two matrices A and B.
Constructions
It is known (Vartak, 1955 ) that the Kronecker product of incidence matrices of two BIB designs produces a rectangular design. Here other variations will be considered.
The rectangular association is here arranged as
where n 1 = n − 1, n 2 = m − 1 and n 3 = (m − 1)(n − 1).
Theorem 2.1. The existence of a BIB design with parameters
implies the existence of a rectangular design with parameters
Proof. Let N be the m × b incidence matrix of a BIB design with parameters (2.1). Further let Q be the v × b incidence matrix of an unreduced BIB design with parameters
is the mn × n 2 b incidence matrix of the required rectangular design with parameters (2.2).
Remark 1. In Theorem 2.1, as usual, if we take only Q ⊗ N as a design N * , then a rectangular design with parameters v = mn, b = n 2 b , r = (n − 1)r , k = 2k , λ 1 = r , λ 2 = (n − 1)λ , λ 3 = λ can be obtained. This simple structure can produce many designs with relatively small values of parameters. When n = 2, we get N * = J 2×1 ⊗ N , which coincides with a group divisible PBIB design. Hence we only consider the case n ≥ 3, especially for the preparation of the table in this paper. 
Proof. Let N be the m × b incidence matrix of a BIB design with parameters (2.1). Then it follows that
is the mn × nb incidence matrix of the required rectangular design with parameters (2.3).
Note that in Theorem 2.2, when λ 1 = λ 2 , i.e., (n − 2)r = (n − 1)λ , and m = n, the design becomes a Latin square PBIB design (cf. Clatworthy, 1973) . 
is the mn × nb incidence matrix of the required rectangular design with parameters (2.4).
Remark 2. Theorem 2.3 is a generalization of Theorem 3.2 in Bhagwandas and Kageyama (1985) . In Theorem 2.3, when λ 1 = λ 2 , i.e., b = nr − (n − 1)λ , and m = n, we get a Latin square PBIB design, while when λ 2 = λ 3 , i.e., b = 2r − λ , we get a GD design (cf. Clatworthy, 1973) .
Theorem 2.4. The existence of a BIB design with parameters (2.1) implies the existence of a rectangular design with parameters
is the mn × nb incidence matrix of the required rectangular design with parameters (2.5).
Remark 3. Theorem 2.4 is a generalization of Theorem 3.3 in Bhagwandas and Kageyama (1985) . In Theorem 2.4, when λ 1 = λ 2 , i.e., b = n(r − λ ), and m = n, we get a Latin square PBIB design, while when λ 2 = λ 3 , i.e., b = 4(r − λ ), we get a GD design (cf. Clatworthy, 1973) .
A nested BIB design can also be used to construct rectangular designs.
Theorem 2.5. The existence of a nested BIB design with parameters
Proof. Let N 1 and N 2 be the v × b 1 incidence matrix of the first and second halves of the whole blocks of the nested BIB design with parameters (2.6), and O be the v ×b 1 matrix of zero's, where N 1 +N 2 and [N 1 : N 2 ] are incidence matrices of whole blocks (superblocks) and sub-blocks of the nested BIB design, respectively. Then it follows that
yields the required rectangular design with parameters (2.7).
When 4t+1 is a prime or a prime power, an initial block (x 0 , x 2 , . . . , x 4t−2 , x, x 3 , . . . , x 4t−1 ) mod (4t + 1) can yield a nested BIB design with parameters v = 4t + 1, r = 4t,
, where x is a primitive element of GF(4t + 1) (see Sinha et al., 1993) . This observation with Theorem 2.5 produces the following.
Corollary 2.5.1. When 4t + 1 is a prime or a prime power, there exists a rectangular design with parameters v = 3(4t + 1), b = 6(4t + 1), r = 8t, k = 4t, λ 1 = 0, λ 2 = 2(2t−1), λ 3 = 2t, n 1 = 2, n 2 = 4t, n 3 = 8t, m = 4t+1, n = 3.
By the application of Theorem 2.2 of Sinha et al. (2002a) to Corollary 2.5.1, we can get a balanced array BA(6(4t + 1), 4t + 1, 4, 2) {µ ii = 2(2t − 1), i = 0, 1, 2; µ ij = 2t = µ ji , i, j(i = j) = 0, 1, 2; µ i3 = 2 = µ 3i , µ 33 = 0, i = 0, 1, 2}. For the definition of a balanced array, see Sinha et al. (2002a) .
Similarly, when 4t−1 is a prime or a prime power, an initial block (x 0 , x 2 , . . . , x 4(t−1) , x, x 3 , . . . , x 4t−3 ) mod (4t − 1) can yield a nested BIB design with param-
, where x is a primitive element of GF(4t − 1) (see Sinha et al., 1993) . This observation with Theorem 2.5 produces the following.
Corollary 2.5.2. When 4t − 1 is a prime or a prime power, there exists a rectangular design with parameters v = 3(4t−1), b = 6(4t−1), r = 4(2t−1), k = 2(2t − 1), λ 1 = 0, λ 2 = 4(t − 1), λ 3 = 2t − 1, n 1 = 2, n 2 = 4t − 2, n 3 = 4(2t − 1), m = 4t − 1, n = 3.
By the application of Theorem 2.2 of Sinha et al. (2002a) to Corollary 2.5.2, we can get a balanced array BA(6(4t − 1), 4t − 1, 4, 2) {µ ii = 4(t − 1), i = 0, 1, 2; µ ij = 2t − 1 = µ ji , i, j(i = j) = 0, 1, 2; µ i3 = 2 = µ 3i , µ 33 = 0, i = 0, 1, 2}. 
Proof. Let N 1 and N 2 be defined as in the proof of Theorem 2.5. Then it follows that
yields the required rectangular design.
Corollary 2.6.1. When 4t + 1 is a prime or a prime power, there exists a rectangular design with parameters v = 3(4t+1), b = 6(4t+1), r = 2(8t+1), k = 8t+1, λ 1 = 8t, λ 2 = 12t, λ 3 = 10t, n 1 = 2, n 2 = 4t, n 3 = 8t, m = 4t+1, n = 3. Corollary 2.6.2. When 4t − 1 is a prime or a prime power, there exists a rectangular design with parameters v = 3(4t−1), b = 6(4t−1), r = 2(8t−3), k = 8t − 3, λ 1 = 4(2t − 1), λ 2 = 6(2t − 1), λ 3 = 5(2t − 1), n 1 = 2, n 2 = 4t − 2, n 3 = 4(2t − 1), m = 4t − 1, n = 3.
The results given in this paper produce the following new rectangular designs within the range of r, k ≤ 10, that are not found in tables by Suen (1989) , Sinha et al. (1993 Sinha et al. ( , 1996 , and Sinha et al. (2002b) . In the table, the designs of Nos. 1 and 19 are LS26 and LS43, respectively, after combining 1st and 2nd associate classes and then renaming the new 1st and 2nd associates. The designs of Nos. 2, 5 and 7 are R172, R176 and R203, respectively, after combining 2nd and 3rd associate classes. The design of No. 16 is LS116, after combining 1st and 2nd associate classes. Here LS stands for Latin square PBIB designs, while R stands for regular GD designs in tables given by Clatworthy (1973) . 
